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Abstract
We derive newmatrix representation for higher-order changhee numbers and polynomi-
als. This helps us to obtain simple and short proofs of many previous results on higher-order
changhee numbers and polynomials. Moreover, we obtain recurrence relations, explicit
formulas and some new results for these numbers and polynomials. Furthermore, we inves-
tigate the relations between these numbers and polynomials and Stirling numbers, No¨rlund
and Bernoulli numbers of higher-order. Some numerical results using Mathcad program
are introduced.
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1 Introduction
For α ∈ N, the Bernoulli polynomials of order α are defined by, see [4]-[22]
(
t
et − 1
)α
ext =
∞∑
n=0
B(α)n (x)
tn
n!
. (1.1)
When x = 0, B
(α)
n = B
(α)
n (0) are the Bernoulli numbers of order α, defined by(
t
et − 1
)α
=
∞∑
n=0
B(α)n
tn
n!
. (1.2)
The Euler polynomial of order α(∈ N) are defined by the generating function to be
(
2
et + 1
)α
ext =
∞∑
n=0
E(α)n (x)
tn
n!
, (1.3)
1
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see [1, 3], when x = 0, E
(α)
n = E
(α)
n (0) are called the Euler numbers of order α.
Luo [21, Eq. 2.8], introduced the following explicit formula for the Euler polynomial with order α,
E(α)n (x) =
n∑
i=0
(
n
i
)
xn−i
i∑
j=0
(
−1
2
)j (α+ j − 1
j
)
s2(i, j), (1.4)
where s2(i, j), are the Stirling numbers of the second kind.
We can represent Euler polynomials of order α, by (n+ 1)× (α+ 1) matrix , 0 ≤ α ≤ n, as follows
E(α)(x) =


E
(0)
0 (x) E
(1)
0 (x) E
(2)
0 (x) · · · E
(α)
0 (x)
E
(0)
1 (x) E
(1)
1 (x) E
(2)
1 (x) · · · E
(α)
1 (x)
.
.
.
.
.
.
.
.
.
. . .
.
.
.
E
(0)
n (x) E
(1)
n (x) E
(2)
n (x) · · · E
(α)
n (x)

 . (1.5)
For example, if setting 0 ≤ n ≤ 4, 0 ≤ α ≤ n , in (1.5), we have the following Euler polynomial, for
n, α = 0, 1, · · · , 4.
E(α)(x) =


0 1 1 1 1
0 x− 1
2
x− 1 x− 3
2
x− 2
0 x2 − x x2 − 2x+ 1
2
x2 − 3x+ 3
2
x2 − 4x+ 3
0 x3 − 3x
2
2
+ 1
4
x3 − 3x2 + 3x
2
+ 1
2
x3 − 9x
2
2
+ 9x
2
x3 − 6x2 + 9x− 2
0 x4 − 2x3 + x x4 − 4x3 + 3x2 + 2x− 1 x4 − 6x3 + 9x2 − 3 x4 − 8x3 + 18x2 − 8x− 9
2

 .
Kim et al. [18] define the Changhee polynomials of the first kind with order k by the generating function
as follows. (
2
2 + t
)k
(1 + t)x =
∞∑
n=0
Ch(k)n (x)
tn
n!
. (1.6)
If x = 0, hence Ch
(k)
n = Ch
(k)
n (0) are called the Changhee numbers of the first kind with order k. For
k = 1, Chn(x) = Ch
(1)
n (x) are called the Changhee polynomial of the first kind with order 1, that is
defined as, see [11, 17]. (
2
t+ 2
)
(1 + t)x =
∞∑
n=0
Chn(x)
tn
n!
. (1.7)
Moreover, Kim et al. [12] defined the Daehee polynomials of order k by the generating function as
follows
∞∑
n=0
D(k)n (x)
tn
n!
=
(
log(1 + t)
t
)k
(1 + t)x. (1.8)
In the special case, x = 0,D
(k)
n = D
(k)
n (0) are called the Daehee numbers of order k, defined by(
log(1 + t)
t
)k
=
∞∑
n=0
D(k)n
tn
n!
. (1.9)
When k = 1, Dn(x) = D
(1)
n (x) are the Daehee polynomials of the first kind with order 1, defined by(
log(1 + t)
t
)
(1 + t)x =
∞∑
n=0
Dn(x)
tn
n!
, (1.10)
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see [15, 16] and [22].
The Stirling numbers of the first and second kind are defined, respectively, by
(x)n =
n−1∏
i=0
(x− i) =
n∑
l=0
s1(n, l)x
l, (1.11)
where s1(n, 0) = δn,0, s1(n, k) = 0, for k > n, and
xn =
n∑
k=0
s2(n, k)(x)k, (1.12)
where s2(n, 0) = δn,0, s2(n, k) = 0, for k > n, and δn,k is the kronecker delta.
The Stirling numbers of the second kind have the generating function, see [4, 5, 7, 8] and [10]
(
et − 1
)m
= m!
∞∑
l=m
s2(l,m)
tl
l!
. (1.13)
2 Higher-order Changhee Polynomials of The First Kind
In this section, we derive an explicit formulas and recurrence relations for the higher-order Changee
numbers and polynomials of the first kind. Also the relation between these numbers and No¨rlund num-
bers are given. Furthermore, we introduce the matrix representation of some results for higher-order
Changhee numbers and polynomial obtained by Kim et al. [18] in terms of Stirling numbers, No¨rlund
numbers, Euler and Bernoulli numbers of higher-order and investigate a simple and short proofs of these
results.
Kim et al. [18, Eq. 2.8] proved that, for n ∈ Z, k ∈ N, the Chaghee higher order numbers of the first
kind can be obtained as
2nCh(k)n = (−1)
n(k + n− 1)n
= (−1)n
n∑
ℓ=0
s1(n, l)(k + n− 1)
ℓ. (2.1)
If k = 1, Chn = (−1)
n n!
2n .
We can represent the Changee numbers of the first kind of order k, by (n + 1) × (k + 1) matrix ,
0 ≤ k ≤ n, as follows
Ch(k) =


Ch
(0)
0 Ch
(1)
0 Ch
(2)
0 · · · Ch
(k)
0
Ch
(0)
1 Ch
(1)
1 Ch
(2)
1 · · · Ch
(k)
1
.
.
.
.
.
.
.
.
.
. . .
.
.
.
Ch
(0)
n Ch
(1)
n Ch
(2)
n · · · Ch
(k)
n

 .
For example, if setting 0 ≤ n ≤ 4, 0 ≤ k ≤ n , in (2.1), we have the following higher order Changhee
numbers of the first kind, for n, k = 0, 1, · · · , 4.
Ch(k) =


0 1 1 1 1
0 −1/2 −1 −3/2 −2
0 1/2 3/2 3 5
0 −3/4 −3 −15/2 −15
0 3/2 15/2 45/2 105/2

 .
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Kim et al. [12, Theorem 1], derived the following relation
D(k)n =
s1(n+ k, k)(n+k
k
) . (2.2)
Substituting from Eq. (2.2) into Eq. (2.1), we obtain the relation between higher order Changhee num-
bers and higher order Dahee numbers of the first kind as follows
2nCh(k)n = (−1)
n
n∑
ℓ=0
(
n
ℓ
)
nℓD
(ℓ)
n−ℓ. (2.3)
Setting k = 1 into Eq. (2.1), we get the explicit form for the Changhee number of the first kind as
follows.
Chn =
(−1)nn!
2n
. (2.4)
El-Desouky and Mustafa [9, Eq. 6], derived the explicit form for the Daehee numbers of the first kind as
follows
Dn = (−1)
n n!
n+ 1
,
then the relation between Daehee numbers and Changhee numbers can be obtained as
Dn =
2n
n+ 1
Chn. (2.5)
By using the recurrence relation for the Daehee numbers of the first kind, [9], we can derive the recur-
rence relation for the Changhee numbers of the first kind as follows
2Chn + nChn−1 = 0. (2.6)
The No¨rlund numbers of the second kind have the explicit formula [20, Remark 4],
b(−1)n =
(−1)n
n+ 1
. (2.7)
From Eq. (2.4) and Eq.(2.7), we can obtain the relation between the Changhee numbers and the No¨rlund
numbers as follows
Chn =
(n+ 1)!
2n
b(−1)n . (2.8)
Kim et al. [18, Theorem 2.2], proved the following result. For n ≥ 0,
Ch(k)n =
n∑
ℓ=0
s1(n, ℓ)E
(k)
ℓ . (2.9)
Remark 2.1. We can write this relation in the matrix form as follows.
Ch
(k) = S1 E
(k), (2.10)
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where Ch(k) is (n + 1) × (k + 1), 0 ≤ k ≤ n, matrix for the Changhee numbers of the first kind of
order k and S1 is (n+1)× (k+1) lower triangular matrix for the Strirling numbers of the first kind and
E
(k) is (n+ 1)× (k + 1), 0 ≤ k ≤ n, matrix for the Euler numbers of order k.
For example, if setting 0 ≤ n ≤ 4, 0 ≤ k ≤ n , in (2.10), we have


1 0 0 0 0
0 1 0 0 0
0 −1 1 0 0
0 2 −3 1 0
0 −6 11 −6 1




0 1 1 1 1
0 −1/2 −1 −3/2 −2
0 0 1/2 3/2 3
0 1/4 1/2 0 −2
0 0 −1 −3 −9/2

 =


0 1 1 1 1
0 −1/2 −1 −3/2 −2
0 1/2 3/2 3 5
0 −3/4 −3 −15/2 −15
0 3/2 15/2 45/2 105/2

 .
Kim et al. [18, Theorem 2.3] proved the following result. For n ≥ 0, we have
E(k)m =
m∑
n=0
s2(n,m)Ch
(k)
n . (2.11)
We can write this relation in the matrix form as follows
E
(k) = S2Ch
(k), (2.12)
where S2 is (n+ 1)× (k + 1) lower triangular matrix for the Strirling numbers of the second kind.
For example, if setting 0 ≤ n ≤ 4, 0 ≤ k ≤ n , in (2.12), we have


1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 3 1 0
0 1 7 6 1




0 1 1 1 1
0 − 1
2
−1 − 3
2
−2
0 1
2
3
2
3 5
0 − 3
4
−3 − 15
2
−15
0 3
2
15
2
45
2
105
2

 =


0 1 1 1 1
0 − 1
2
−1 − 3
2
−2
0 0 1
2
3
2
3
0 1
4
1
2
0 −2
0 0 −1 −3 − 9
2

 .
Remark 2.2. Using the matrix form (2.10), we easily can derive a short proof of [18, Theorem 2.3].
Multiplying both sides by the Striling number of second kind as follows.
S2Ch
(k) = S2 S1 E
(k) = IE(k) = E(k),
where I is the identity matrix of order (n+ 1).
Kim et al. [17] introduced the following definition for the the Changhee Polynomial of the first kind.
∞∑
n=0
Chn(x)
tn
n!
=
(
2
2 + t
)
(1 + t)x. (2.13)
Theorem 2.3. For n ∈ N, the Changhee polynomials satisfy the following relation
Chn(x) =
n∑
i=0
(−1)i
n!
2i
(
x
n− i
)
. (2.14)
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Proof. From Eq. (2.13), we have
∞∑
n=0
Chn(x)
tn
n!
=
(
1 +
t
2
)
−1
(1 + t)x
=
∞∑
i=0
(−1)i
(
t
2
)i ∞∑
j=0
(
x
j
)
tj
=
∞∑
i=0
∞∑
j=0
(−1)i
1
2i
(
x
j
)
tj+i
=
∞∑
i=0
∞∑
n=i
(−1)i
n!
2i
(
x
n− i
)
tn
n!
=
∞∑
n=0
n∑
i=0
(−1)i
n!
2i
(
x
n− i
)
tn
n!
, (2.15)
by equating the coefficient of tn, in both sides of Eq.(2.15), we have
Chn(x) =
n∑
i=0
(−1)i
n!
2i
(
x
n− i
)
.
This completes the proof.
Kim et al. [18] introduced the following definition for the Changhee Polynomials of the first kind with
order k by
∞∑
n=0
Ch(k)n (x)
tn
n!
=
(
2
2 + t
)k
(1 + t)x. (2.16)
Theorem 2.4. For n, k ∈ N, the Changee polynomials of higher order satisfy the following relation
Ch(k)n (x) =
n∑
i=0
(−1)i
n!
2i
(
k + i− 1
i
)(
x
n− i
)
. (2.17)
Proof. From Eq. (2.16), we have
∞∑
n=0
Ch(k)n (x)
tn
n!
=
(
1 +
t
2
)
−k
(1 + t)x
=
∞∑
i=0
(−1)i
(
k + i− 1
i
)(
t
2
)i ∞∑
j=0
(
x
j
)
tj
=
∞∑
i=0
∞∑
j=0
(−1)i
1
2i
(
k + i− 1
i
)(
x
j
)
tj+i
=
∞∑
i=0
∞∑
n=i
(−1)i
n!
2i
(
k + i− 1
i
)(
x
n− i
)
tn
n!
=
∞∑
n=0
n∑
i=0
(−1)i
n!
2i
(
k + i− 1
i
)(
x
n− i
)
tn
n!
, (2.18)
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by equating the coefficient of tn, on both sides of Eq.(2.18), we have
Ch(k)n (x) =
n∑
i=0
(−1)i
n!
2i
(
k + i− 1
i
)(
x
n− i
)
. (2.19)
This completes the proof.
Remark 2.5. Setting k = 1 in Eq. (2.18), we get Eq. (2.15).
Kim et al. [18, Corollary 2.4] introduced the following result for the Changhee Polynomials of the first
kind with oreder k.
For n ≥ 0, we have
Ch(k)n (x) =
n∑
ℓ=0
s1(n, ℓ)E
(k)
ℓ (x). (2.20)
We can write this relation in the matrix form as follows
Ch
(k)(x) = S1E
(k)(x), (2.21)
where Ch(k)(x) is (n+1)× (k+1) matrix for the Changhee polynomials of the first kind with order k
and E(k)(x) is (n+ 1)× (k + 1) matrix for the Euler polynomials of order k.
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n , in (2.21), we have


1 0 0 0
0 1 0 0
0 −1 1 0
0 2 −3 1




0 1 1 1
0 x− 1
2
x− 1 x− 3
2
0 x2 − x x2 − 2x+ 1
2
x2 − 3x+ 3
2
0 x3 − 3
2
x2 + 1
4
x3 − 3 ∗ x2 + 3
2
x+ 1
2
x3 − 9
2
x2 + 9
2
x

 =


0 1 1 1
0 x− 1
2
x− 1 x− 3
2
0 x2 − 2x+ 1
2
x2 − 3x+ 3
2
x2 − 4x+ 3
0 x3 − 9
2
x2 + 5x− 3
4
x3 − 6x2 + 19
2
x− 3 x3 − 15
2
x2 + 31
2
x− 15
2

 .
Kim et al. [18, Theorem 2.5] introduced the following result. Form ≥ 0, we have
E(k)m (x) =
m∑
n=0
Ch(k)n (x)s2(m,n). (2.22)
We can write Eq. (2.22) in the matrix form as follows
E
(k)(x) = S2Ch
(k)(x). (2.23)
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n , in (2.23), we have


1 0 0 0
0 1 0 0
0 1 1 0
0 1 3 1




0 1 1 1
0 x− 1
2
x− 1 x− 3
2
0 x2 − 2x+ 1
2
x2 − 3x+ 3
2
x2 − 4x+ 3
0 x3 − 9
2
x2 + 5x− 3
4
x3 − 6x2 + 19
2
x− 3 x3 − 15
2
x2 + 31
2
x− 15
2

 =


0 1 1 1
0 x− 1
2
x− 1 x− 3
2
0 x2 − x x2 − 2x+ 1
2
x2 − 3x+ 3
2
0 x3 − 3
2
x2 + 1
4
x3 − 3x2 + 3
2
x+ 1
2
x3 − 9
2
x2 + 9
2
x

 .
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Remark 2.6. We can prove [18, Theorem 2.5] by using the matrix form (2.21) as follows. Multiplying
both sides of (2.21) by the Striling number of second kind, we have
S2 Ch
(k)(x) = S2 S1 E
(k)(x) = IE(k)(x) = E(k)(x).
We can determine the relation between the Daehee numbers of the first kind, Euler’s polynomials and
the Changhee polynomials of the first kind with higher order as follows.
From Eq. (2.2), we get
s1(n, ℓ) =
(
n
ℓ
)
D
(ℓ)
n−k, (2.24)
substituting from Eq. (2.24) into Eq. (2.9), we obtain
Ch(k)n (x) =
n∑
ℓ=0
(
n
ℓ
)
D
(ℓ)
n−ℓE
(k)
ℓ (x). (2.25)
Also, from Kim et al. (2014), Theorem 3, we have
D
(k)
n−k =
n−k∑
m=0
s1(n− k,m)B
(k)
m . (2.26)
Substituting from Eq. (2.26) into Eq. (2.25), we get
Ch(k)n (x) =
n∑
ℓ=0
n−ℓ∑
m=0
(
n
ℓ
)
s1(n− ℓ,m)B
(ℓ)
m E
(k)
ℓ (x). (2.27)
3 Higher-order Changhee Polynomials of The Second Kind
In this section, we derive an explicit formulas and recurrence relations for the higher-order Changee
numbers and polynomials of the second kind. Also the relation between these numbers and No¨rlund
numbers are given. Furthermore, we introduce the matrix representation of some results for higher-order
Changhee numbers and polynomial obtained by Kim et al. [18] in terms of Stirling numbers, No¨rlund
numbers, Euler and Bernoulli numbers of higher-order and investigate a simple and short proofs of these
results.
Kim et al. [18, Eq. 2.8], defined the Changhee numbers of the second Kind with the second kind with
order k(∈ N) as follows:
∞∑
n=0
Ĉh
(k)
n
tn
n!
=
(
2
2 + t
)k
(1 + t)k. (3.1)
Kim et al. [18, Eq. 2.24] proved that, for n ≥ 0, the Chaghee numbers of the second kind satisfy the
following relation:
Ĉh
(k)
n =
n∑
ℓ
(−1)ℓs1(n, ℓ)E
(k)
ℓ . (3.2)
We can write Eq. (3.2) in the matrix form as follows
Ĉh
(k)
= S1DE
(k), (3.3)
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where Ĉh
(k)
is (n + 1) × (k + 1) matrix of Changhee numbers of the second kind with order k and D
is (n+ 1)× (n+ 1) diagonal matrix with element Dii = (−1)
i, i = 0, 1, · · · , n,
Ĉh
(k)
=


Ĉh
(0)
0 Ĉh
(1)
0 Ĉh
(2)
0 · · · Ĉh
(k)
0
Ĉh
(0)
1 Ĉh
(1)
1 Ĉh
(2)
1 · · · Ĉh
(k)
1
.
.
.
.
.
.
.
.
.
. . .
.
.
.
Ĉh
(0)
n Ĉh
(1)
n Ĉh
(2)
n · · · Ĉh
(k)
n


.
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n , in (3.3), we have


0 1 1 1
0 1
2
1 3
2
0 − 1
2
−
1
2
0
0 3
4
0 − 3
2

 =


1 0 0 0
0 1 0 0
0 −1 1 0
0 2 −3 1




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1




0 1 1 1
0 − 1
2
−1 − 3
2
0 0 1
2
3
2
0 1
4
1
2
0

 .
Kim et al. [18, Eq. 2.25] proved that, for n ≥ 0, the Chaghee numbers of the second kind satisfies the
following relation
m∑
n=0
Ĉh
(k)
n
tn
n!
=
(
2
2 + t
)k
(1 + t)k. (3.4)
Theorem 3.1. For n, k ∈ N, the Changhee numbers of the second kind satisfy the following relation
Ĉh
(k)
n = n!
n∑
i=0
(−1)i
2i
(
k + i− 1
i
)(
k
n− i
)
. (3.5)
Proof. From Eq.(3.4), then
∞∑
n=0
Ĉh
(k)
n
tn
n!
=
(
1 +
t
2
)
−k
(1 + t)k
=
∞∑
i=0
(−1)i
(
k + i− 1
i
)(
t
2
)i ∞∑
j=0
(
k
j
)
tj
=
∞∑
i=0
∞∑
j=0
(−1)i
2i
(
k + i− 1
i
)(
k
j
)
ti+j
=
∞∑
i=0
∞∑
ℓ=i
(−1)i
2i
(
k + i− 1
i
)(
k
ℓ− i
)
tℓ
=
∞∑
ℓ=0
ℓ∑
i=0
(−1)i
2i
ℓ!
(
k + i− 1
i
)(
k
ℓ− i
)
tℓ
ℓ!
,
by equating the coefficients of tℓ on both sides, we have Eq. (3.5). This completes the proof.
Kim et al. [18, Theorem 2.7] introduced the following result. For n ≥ 0,
E(k)m (k) =
m∑
n=0
Ĉh
(k)
n S2(m,n), (3.6)
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we can write (3.6) in the matrix form as follows
E
(k)(k) = S2 Ĉh
(k)
, (3.7)
where E(k)(k) is (n + 1)× (k + 1) matrix of Euler polynomial when x = k.
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n in (3.7), we have


0 1 1 1
0 1
2
1 3
2
0 0 1
2
3
2
0 − 1
4
−
1
2
0

 =


1 0 0 0
0 1 0 0
0 1 1 0
0 2 3 1




0 1 1 1
0 1/2 1 3/2
0 −1/2 −1/2 0
0 3/4 0 −3/2

 .
Kim et al. [18] defined the Changhee polynomials of the second kind with order k(∈ N) as follows:
∞∑
n=0
Ĉh
(k)
n (x) =
(
2
2 + t
)k
(1 + t)x+k. (3.8)
Kim et al. [18, Eq. (2.34)] introduced the following result.
Ĉh
(k)
n (x) =
n∑
ℓ
(−1)ℓs1(n, ℓ)E
(k)
ℓ (−x). (3.9)
We can write Eq. (3.9) in the matrix form as follows
Ĉh
(k)
(x) = S1DE
(k)(−x), (3.10)
where Ĉh
(k)
(x) is (n+ 1)× (k + 1) matrix of Changhee polynomials of the second kind with order k.
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n , in (3.10), we have


0 1 1 1
0 x+ 1
2
x+ 1 x+ 3
2
0 x2 − 1
2
x2 + x− 1
2
x2 + 2x
0 x3 − 3
2
x2 − x+ 3
4
x3 − 5
2
x x3 + 3
2
x2 − 5
2
x− 3
2

 =


1 0 0 0
0 1 0 0
0 −1 1 0
0 2 −3 1




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

×


0 1 1 1
0 −x− 1
2
−x− 1 −x− 3
2
0 x2 + x x2 + 2x+ 1
2
x2 + 3x+ 3
2
0 − 3
2
x2 − x3 + 1
4
−3x2 − 3
2
x− x3 + 1
2
−x3 − 9
2
x2 − 9
2
x

 .
Kim et al. [18, Theorem 2.9] introduced the following result. For n ≥ 0,
E(k)m (x+ k) =
m∑
n=0
Ĉh
(k)
n (x)S2(m,n). (3.11)
We can write (3.11) in the matrix form as follows
E
(k)(x+ k) = S2 Ĉh
(k)
(x). (3.12)
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n in (3.12), we have


0 1 1 1
0 x+ 1
2
x+ 1 x+ 3
2
0 x2 + x x2 + 2x+ 1
2
x2 + 3x+ 3
2
0 x3 + 3
2
x2 − 1
4
x3 + 3
2
x2 + 3
2
x− 1
2
x3 + 9
2
x2 + 9
2
x

 =


1 0 0 0
0 1 0 0
0 1 1 0
0 2 3 1

×


0 1 1 1
0 x+ 1
2
x+ 1 x+ 3
2
0 x2 − 1
2
x2 + x− 1
2
x2 + 2x
0 x3 − 3
2
x2 − x+ 3
4
x3 − 5
2
x x3 + 3
2
x2 − 5
2
x− 3
2

 .
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Kim et al. [18, Theorem 2.10] introduced the following result. For n ∈ Z, k ∈ N,
(−1)n
n!
Ĉh
(k)
n (x) =
n∑
m=1
( n−1
n−m
)
m!
Ch(k)m (−x). (3.13)
We can write Eq. (3.13) in the matrix form as follows
DnĈh
(k)
(x) = C Ch(k)(−x), (3.14)
where (Dn)
−1
is (n+1)×(n+1) diagonal matrix with elementsDnii = (−1)
i/i!,C is (n+1)×(n+1)
matrix with elements Cij =
(
i−1
i−j
)
/j!.
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n in (3.14), we have


0 0 0 0
0 x+ 1
2
x+ 1 x+ 3
2
0 x2 − 1
2
x2 + x− 1
2
x2 + 2x
0 x3 − 3
2
x2 − x+ 3
4
x3 − 5
2
x x3 + 3
2
x2 − 5
2
x− 3
2

 =


1 0 0 0
0 −1 0 0
0 0 1
2
0
0 0 0 − 1
6


−1

0 0 0 0
0 1 0 0
0 1 1
2
0
0 1 1 1
6

×


0 1 1 1
0 −x− 1
2
−x− 1 −x− 3
2
0 x2 + 2x+ 1
2
x2 + 3x+ 3
2
x2 + 4x+ 3
0 −x3 − 9
2
x2 − 5x− 3
4
−x3 − 6x2 − 19
2
x− 3 −x3 − 1 5
2
x2 − 31
2
x− 15
2

 .
Kim et al. [18, Theorean 2.11] introduced the following result. For n ∈ Z, k ∈ N,
(−1)n
Ch
(k)
n (x)
n!
=
n∑
m=1
( n1−
n−m
)
m!
Ĉh
(k)
m (−x). (3.15)
We can write Eq. (3.15) in the matrix form as follows
Ch
(k)(x) = (Dn)
−1
C Ĉh
(k)
(−x). (3.16)
For example, if setting 0 ≤ n ≤ 3, 0 ≤ k ≤ n in (3.16), we have


0 0 0 0
0 x− 1
2
x− 1 x− 3
2
0 x2 − 2x+ 1
2
x2 − 3x+ 3
2
x2 − 4x+ 3
0 x3 − 9
2
x2 + 5x− 3
4
x3 − 6x2 + 19
2
x− 3 x3 − 15
2
x2 + 3
2
1x− 15
2

 =


1 0 0 0
0 −1 0 0
0 0 1
2
0
0 0 0 − 1
6


−1
×


0 0 0 0
0 1 0 0
0 1 1
2
0
0 1 1 1
6




0 1 1 1
0 −x+ 1
2
−x+ 1 −x+ 3
2
0 x2 − 1
2
x2 − x− 1
2
x2 − 2x
0 −x3 − 3
2
x2 + x+ 3
4
−x3 + 5
2
x −x3 + 3
2
x2 + 5
2
x− 3
2

 .
Kim et al. [18, Eq. (2.32)] introduced the following result
∞∑
n=0
Ĉh
(k)
n (x)
tn
n!
= (1 + t)x+k
(
2
2 + t
)k
. (3.17)
We can derive the relation between the first and the second kind Changhee polynomials with higher order
as follows.
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Theorem 3.2. For n, k ∈ N, then
Ĉh
(k)
n (x) =
j∑
n=0
(
j
n
)
k!
(k + n− j)!
Ch(k)n (x). (3.18)
Proof. From Eq. (3.17),
∞∑
n=0
Ĉh
(k)
n (x)
tn
n!
= (1 + t)x
(
2
2 + t
)k
(1 + t)k
=
∞∑
n=0
Ch(k)n (x)
tn
n!
(1 + t)k
=
∞∑
n=0
Ch(k)n (x)
tn
n!
∞∑
i=0
(
k
i
)
ti
=
∞∑
n=0
∞∑
i=0
(
k
i
)
Ch(k)n (x)
tn+i
n!
=
∞∑
n=0
∞∑
i=0
(
k
i
)
Ch(k)n (x)
(n + i)!
n!
tn+i
(n+ i)!
=
∞∑
n=0
∞∑
j=n
(
k
j − n
)
Ch(k)n (x)
j!
n!
tj
j!
=
∞∑
j=0
j∑
n=0
(
k
j − n
)
Ch(k)n (x)
j!
n!
tj
j!
, (3.19)
by equating the coefficients of tj on both sides, we get Eq. (3.18), this completes the proof.
Setting x = 0, in Eq. (3.19), we get the relation between the first and the second kinds of the Changhee
numbers with higher orders,
Ĉh
(k)
m =
m∑
n=0
(
m
n
)
k!
(k + n−m)!
Ch(k)n . (3.20)
We obtain the relation between the first and the second kinds of the Changhee numbers by setting k = 1,
in Eq. (3.20), we get
Ĉhm =
m∑
n=0
(
m
n
)
1
(n+ 1−m)!
Chn. (3.21)
Kim et al. [18, Eq. 2.16] derived the following relation,
∞∑
n=0
Ch(k)n (x)
tn
n!
=
(
2
2 + t
)k
(1 + t)x. (3.22)
Theorem 3.3. Forn m,k ∈ N, we have
Ch(k)m (x) =
m∑
n=0
(−1)m−n
(
m
n
)
(k +m− n− 1)!
(k − 1)!
Ĉh
(k)
n (x). (3.23)
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Proof. From Eq. (3.22) we have
∞∑
n=0
Ch(k)n (x)
tn
n!
=
(
2
2 + t
)k
(1 + t)x+k(1 + t)−k
=
∞∑
n=0
Ĉh
(k)
n (x)
tn
n!
∞∑
i=0
(−1)i
(
k + i− 1
i
)
ti
=
∞∑
n=0
∞∑
i=0
(−1)i
(
k + i− 1
i
)
Ĉh
(k)
n (x)
tn+i
n!
=
∞∑
n=0
∞∑
m=n
(−1)m−n
(
k +m− n− 1
m− n
)
Ĉh
(k)
n (x)
tm
n!
=
∞∑
n=0
∞∑
m=n
(−1)m−n
m!
n!
(
k +m− n− 1
m− n
)
Ĉh
(k)
n (x)
tm
m!
=
∞∑
m=0
m∑
n=0
(−1)m−n
m!
n!
(
k +m− n− 1
m− n
)
Ĉh
(k)
n (x)
tm
m!
, (3.24)
by equating the coefficients of tm, on both sides, we get Eq. (3.23), this completes the proof.
Hence if x = 0, then
Ch(k)m =
m∑
n=0
(−1)m−n
(
m
n
)
(k +m− n− 1)!
(k − 1)!
Ĉh
(k)
n . (3.25)
Moreover, if k = 1,
Chm =
m∑
n=0
(−1)m−n
m!
n!
Ĉhn. (3.26)
We can find the relation between Changhee polynomials of the second order with Daehee and Euler’s
polynomials.
From Eq. (2.2) and Eq. (3.9), we have
Ĉh
(k)
n (x) =
n∑
ℓ=0
(−1)ℓ
(
n
ℓ
)
D
(ℓ)
n−ℓE
(k)
ℓ (−x). (3.27)
But
D(k)n =
n∑
ℓ=0
s1(n, ℓ)B
(k)
ℓ ,
therefore
Ĉh
(k)
n (x) =
n∑
ℓ=0
n−ℓ∑
m=0
(−1)ℓ
(
n
ℓ
)
s1(n− ℓ,m)B
(ℓ)
m E
(k)
ℓ (−x). (3.28)
14 New Results on Higher-Order Changhee Numbers and Polynomials
References
[1] Araci, S. and Acikgoz M., A note on the Frobenius-Euler numbers and polynomials associated with
Bernstein polynomials, Adv. Stud. Contemp. Math., 22 (3), 399 – 406 (2012).
[2] Araci, S., Agyuz, E. and Acikgoz, M., On a q-analog of some numbers and polynomials, Journal
of Inequalities and Applications. 2015, 19 (2015). DOI:10.1186/s13660-014-0542-y
[3] Bayad, A. and Kim, T., Identities for the Bernoulli, the Euler and the Genocchi numbers and poly-
nomials, Adv. Stud. Contemp. Math., 20 (2), 247 – 253 (2010).
[4] Carlitz, L., A note on Bernoulli and Euler polynomials of the second kind, Scripta Math. 25 , 323
– 330 (1961).
[5] Comtet, L. , Advanced Combinatorics, Reidel, Dordrecht (1974).
[6] Dolgy, D.V., Kim, T., Lee, B. and Lee, S.-H., Some new identities on the twisted Bernoulli and
Euler polynomials, J. Comput. Anal. Appl. 14 (3), 441 – 451 (2013).
[7] El-Desouky, B.S., The multiparameter non-central Stirling numbers,Fibonacci Quart. 32 (3), 218 –
225 (1994).
[8] El-Desouky, B.S., Cakic´, N.P. and Mansour, T., Modified approach to generalized Stirling numbers
via differential operators, Appl. Math. Lett. 23, 115 – 120 (2010).
[9] El-Desouky, B. S. and Mustafa, A., New Results and Matrix Representation for Daehee and
Bernoulli Numbers and Polynomials, Appl. Math. Sci. (HIKARI Ltd), 9 (73), 35935 – 3610 (2015).
http://dx.doi.org/10.12988/ams.2015.53282
[10] Gould, H. W., Explicit formulas for Bernoulli numbers, Amer. Math. Monthly, 79 , 44 – 51 (1972).
[11] Kim, T., p-adic q-integrals associated with the Changhee-Barnes q-Bernoulli polynomials, Integral
Transforms Spec. Funct., 15 (5), 415 – 420 (2004).
[12] Kim, D.S., Kim, T., Lee, S-H. and J-J. Seo, Higher-Order Daehee Numbers and Polynomials, Int.
J. Math. Anal. (HIKARI Ltd), 8 (6), 273 – 283 (2014). http://dx.doi.org/10.12988/ijma.2014.4118
[13] Kim, D.S., Kim, T., Lee, S-H. and J-J. Seo, A Note on the lambda Daehee Polynomials, Int. J. Math.
Anal. (HIKARI Ltd), 7 (62), 3069 – 3080 (2013). http://dx.doi.org/10.12988/ijma.2013.311264
[14] Kim, D.S., Kim, T., Lee, S-H. and J-J. Seo, A Note on Twisted λ- Daehee Polynomials, Appl. Math.
Sci. (HIKARI Ltd), 7 (141), 7005 – 7014 (2013). http://dx.doi.org/10.12988/ams.2013.311635
[15] Kim, D.S. and Kim, T., Daehee Numbers and polynomials, Appl. Math. Sci. (HIKARI Ltd.), 7
(120), 5969 – 5976 (2013). http://dx.doi.org/10.12988/ams.2013.39535
[16] Kim, T. and Simsek, Y., Analytic continuation of the multiple Daehee q-l-functions associated with
Daehee numbers, Russ. J. Math. Phys. 15, 58 – 65 (2008).
[17] Kim, D. S. Kim, T. and Seo, J. J., A note on Changhee polynomials and numbers, Adv. Studies
Theor. Phys., 7, 1 – 10 (2013).
Beih S. El-Desouky, Abdelfattah Mustafa and Nenad P. Cakic´ 15
[18] Kim, D.S., Kim, T., Seo, J. and Lee, S-H., Higher-order Changhee Numbers and Polynomials, Adv.
Studies Theor. Phys. 8 (8), 365 – 373 (2014).
[19] Kimura, N., On universal higher order Bernoulli numbers and polynomials, Report of the Research
Institute of Industrial Technology, Nihon University, Number 70, (2003). ISSN 0386 – 1678
[20] Liu, G-D. and Srivastava, H.M. Explicit Formulas for the No¨rlund Polynomials B
(x)
n and b
(x)
n ,
Computers and Mathematics with Applicatios, 51 , 1377 – 1384 (2006).
[21] Luo, Q-M., An Explicit Formula for the Euler Polynomials of Higher Order, Applied Mathematics
& Information Sciences , 3(1), 53 – 58 (2009).
[22] Ozden, H. and Cangul, N. and Simsek, Y., Remarks on q-Bernoulli numbers associated with Daehee
numbers, Adv. Stud. Contemp. Math. (Kyungshang), 18, 41 – 48 (2009).
[23] Wang, W., Generalized higher order Bernoulli number pairs and generalized Stirling number pairs,
J. Math. Anal. Appl., 364, 255 – 274 (2010).
